It has been pointed out that the mixing of an eV-scale sterile neutrino with active flavors can lead to loss of sensitivity to θ 23 octant (sign of sin 2 θ 23 − 1/2) in long baseline experiments, because the main oscillation probability P 0 = 4 sin 2 θ 23 sin 2 θ 13 sin 2 ∆ 13 can be degenerate with the sum of the interferences with the solar oscillation amplitude and an active-sterile oscillation amplitude in both neutrino and antineutrino oscillations, depending on CP phases. In this paper, we show that the above degeneracy is resolved by measuring the same beam at different baseline lengths. We demonstrate that Tokai-to-Hyper-Kamiokande-to-Korea (T2HKK) experiment (one 187 kton fiducial volume water Cerenkov detector is placed at Kamioka, L = 295 km, and another detector is put in Korea, L ∼ 1000 km) exhibits a better sensitivity to θ 23 octant in those parameter regions where the experiment with two detectors at Kamioka is insensitive to it. Therefore, if a hint of sterile-active mixings is discovered in short baseline experiments, T2HKK is a better option than the plan of placing two detectors at Kamioka. We also consider an alternative case where one detector is placed at Kamioka and a different detector is at Oki Islands, L = 653 km, and show that this configuration also leads to a better sensitivity to θ 23 octant.
Introduction
The octant of neutrino mixing angle θ 23 , namely, the sign of sin 2 θ 23 − 1/2, has profound implications for SO (10) grand unification theory with renormalizable Yukawa couplings (see, e.g., Refs. [1, 2, 3] ). Since ν e and ν µ disappearance channels are almost solely sensitive to sin 2 (2θ 23 ), the best way to determine the octant is to use ν µ → ν e channel in long baseline experiments. For the standard 3-flavor oscillations, the octant measurement has been investigated in Refs. [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . It has been pointed out that if an eV-scale light sterile neutrino mixes with active flavors, it can considerably deteriorate the sensitivity of long baseline experiments to θ 23 octant [16] 1 .
This is based on the following observation: In the standard 3-flavor oscillations, the part of the ν µ → ν e oscillation probability sensitive to θ 23 octant, P 0 = 4 sin 2 θ 23 sin 2 θ 13 sin 2 ∆ 13 (∆ 13 ≡ ∆m 2 13 L/(4E)), is possibly mimicked by the interference of the solar and atmospheric oscillation amplitudes, P 1 ≃ 8 sin θ 13 sin θ 12 cos θ 12 (∆m 2 12 /∆m 2 13 )∆ 13 sin ∆ 13 cos(∆ 13 ± φ 13 ), in either neutrino oscillations or antineutrino oscillations depending on the CP phase φ 13 , but not in both oscillations. Hence, a combination of neutrino-and antineutrino-focusing operations resolves the above degeneracy. In the 3 + 1 oscillations, however, the interference of atmospheric and activesterile oscillation amplitudes generates a new term, P 2 ≃ 4 sin θ 14 sin θ 24 sin θ 13 sin θ 23 sin ∆ sin(∆± φ 13 ∓ φ 14 ). The sum P 1 + P 2 can mimic P 0 in both neutrino and antineutrino oscillations for some values of φ 13 and φ 14 , leading to loss of sensitivity to θ 23 octant.
In this paper, we pursue the possibility that a combination of neutrino-and antineutrinofocusing operations and measurements of the same beam at different baseline lengths resolves the degeneracy of P 0 and P 1 + P 2 , thereby resurrecting the sensitivity to θ 23 octant in the 3 + 1 oscillations. For concreteness, we concentrate on Tokai-to-Hyper-Kamiokande-to-Korea (T2HKK) experiment [25] (for early proposals, see Refs. [26, 27, 28, 29, 30, 5, 31, 32, 33] ), where one 187 kton fiducial volume water Cerenkov detector is placed at Kamioka (L = 295 km) and another 187 kton detector is in Korea (L ∼ 1000 km), which is a proposed extension of Tokaito-Hyper-Kamiokande (T2HK) experiment [34] . We conduct a comparative study of T2HKK experiment with the plan of placing two 187 kton detectors at Kamioka. We will demonstrate that for some values of CP phases φ 13 and φ 14 , the sensitivity to θ 23 octant is lost in the latter experiment while the sensitivity is maintained in T2HKK, in spite of smaller statistics of T2HKK (as the baseline to Korea is longer than that to Kamioka). We further consider an alternative plan of placing a modest detector at Oki Islands [35, 36, 37, 38] (L = 653 km) in addition to one 187 kton detector at Kamioka, and study how the sensitivity to θ 23 octant changes in this case. This paper is organized as follows: In Section 2, we write the ν µ → ν e oscillation probability in the 3 + 1 oscillations, spot the terms that can lead to loss of sensitivity to θ 23 octant, and qualitatively state that this problem is mitigated in T2HKK experiment. In Section 3, we confirm the above qualitative statement through a numerical analysis. Section 4 summarizes the paper.
3 + 1 Oscillation Probability
We postulate the presence of one isospin-singlet neutrino, ν s , that mixes with the three active flavors (ν e , ν µ , ν τ ) and yields four mass eigenstates (ν 1 , ν 2 , ν 3 , ν 4 ). We also assume that the mass of ν 4 is around 1 eV and thus ν 4 participates in oscillations in a J-PARC beam.
We parametrize the mixing of (ν e , ν µ , ν τ , ν s ) as follows:
with U being a 4×4 unitary matrix defined as
(U ab ) ij = δ ia δ ja cos θ ab + δ ib δ jb cos θ ab + δ ia δ jb e −iφ ab sin θ ab − δ ib δ ja e iφ ab sin θ ab .
(a, b = 1, 2, 3, 4; a < b) U 23 U 13 U 12 corresponds to Pontecorvo-Maki-Nakagawa-Sakata matrix [39, 40] . Henceforth, we fix the phase convention such that φ 12 = φ 23 = φ 24 = 0. The probability of ν µ → ν e oscillation, which is crucial for θ 23 octant measurement, is given by
where L is the baseline length, E is the neutrino energy, and ∆m
. V cc and V nc denote the potentials generated by charged and neutral current interactions, respectively, which are evaluated as V cc = −2V nc ≃ 0.193 × 10 −3 (ρ/(g/cm 3 ))/km with ρ being the matter density. The antineutrino oscillation probability P (ν µ →ν e ) is obtained by flipping the signs of φ 13 , φ 14 , φ 34 , V cc , V nc . 
where A = 4 sin θ 13 sin θ 12 cos θ 12 sin(2θ 23 ) ∆m
and the upper signs in ±, ∓ refer to the neutrino oscillation, and the lower signs to the antineutrino oscillation.
First, we find that in the absence of sterile-active mixings, we have B = 0 and the impact of A on θ 23 octant measurement can be reduced by a combination of neutrino-and antineutrinofocusing beams, since A term in Eq. (4) changes sign for neutrino and antineutrino.
Second, we observe that in the presence of sterile-active mixings (i.e. B = 0), a combination of neutrino-and antineutrino-focusing beams and two different baseline lengths revives the sensitivity to θ 23 octant, because a different oscillating function, sin(∆m
Eq. (5). In the rest of the paper, we will confirm this qualitative observation through simulations of T2HK, T2HKK, and T2HK+Oki experiments.
The term Eq. (6) represents the ordinary matter effect that is present in the standard oscillations, and does not affect θ 23 octant measurement.
The last term Eq. (7) represents a synergy of the matter effect and sterile-active mixings.
Here, F is a complicated function of L∆m 2 13 /(4E) and ±(φ 13 − φ 14 + φ 34 ), and is expected to be O(1). Since θ 34 is less constrained than θ 24 , this term can lead to interesting phenomenology in some long baseline experiments with large matter effect. This topic will be covered in a separate paper.
Numerical Study
We simulate the propagation of neutrinos and antineutrinos, their 3 + 1 oscillations, and their measurements at Kamioka, Oki and Korea. We calculate ν µ → ν e ,ν µ →ν e , ν µ → ν µ ,ν µ →ν µ oscillation probabilities using Eq. (2) without approximation.
Oscillation Parameters
We make a simplifying assumption that θ 12 , θ 13 , ∆m 
and fit the simulation result by using the true values of ∆m 2 14 , θ 14 , θ 24 , θ 34 . Note that Eqs. (9),(10) are compatible with the 90% CL bound obtained by a reanalysis [42] of Bugey-3 [43] experi-ment. Also, Eqs. (9), (11) are marginally consistent with the 90% CL bound of the MINOS and MINOS+ results [44] , and are outside the 90% CL bound from the IceCube [45] .
The remaining parameters are θ 23 , φ 13 
Experiments
We assume that J-PARC operates with 1.3 MW beam power, delivering 2.7 × 10 21 protonon-target (POT) flux per year. We adopt the values in Table 2 as the baseline and detector parameters, where the matter density is approximated to be uniform [46, 47] . The energy distributions of ν µ andν µ in neutrino-focusing and antineutrino-focusing beams at Kamioka, Korea and Oki are obtained from Ref.
[48], and are reviewed in Appendix A. ν e andν e components in the beams are neglected in our study. We consider three experiments, referred to as 'T2HK', 'T2HKK' and 'T2HK+Oki' in this paper. The configuration of each experiment is assumed as follows, and is summarized in Table 2 .
• In 'T2HK', we assume that one 187 kton fiducial volume detector at Kamioka is exposed to a neutrino-focusing beam for 2.5 years and to an antineutrino-focusing beam for 2.5 years.
Subsequently, two 187 kton detectors (374 kton in total) at Kamioka are exposed to a neutrino-focusing beam for 5 years and to an antineutrino-focusing beam for 5 years.
• In 'T2HKK', we assume that one 187 kton detector at Kamioka is exposed to a neutrinofocusing beam for 2.5 years and to an antineutrino-focusing beam for 2.5 years. Subsequently, one 187 kton detector at Kamioka and one 187 kton detector in Korea are exposed to a neutrino-focusing beam for 5 years and to an antineutrino-focusing beam for 5 years.
• In 'T2HK+Oki', we assume that one 187 kton detector at Kamioka is exposed to a neutrino-focusing beam for 2.5 years and to an antineutrino-focusing beam for 2.5 years.
Subsequently, one 187 kton detector at Kamioka and a smaller 100 kton detector at Oki Islands are exposed to a neutrino-focusing beam for 5 years and to an antineutrinofocusing beam for 5 years. The cross sections for charged current quasi-elastic scattering between a neutrino and a proton, ν ℓ n → ℓ − p, and that between an antineutrino and a neutron,ν ℓ p → ℓ + n, (p and n denote proton and neutron, respectively, and ℓ denotes e or µ) are cited from Ref. [49] , and are reviewed in Appendix B.
χ 2 analysis
From the simulation, we obtain the numbers of ν e +ν e events and ν µ +ν µ events in 0.05 GeV bins of the neutrino energy E in the range 0.4 GeV≤ E ≤3 GeV, for various values of φ 13 and φ 14 , for sin 2 θ 23 =0.42 and 0.58, and for the normal and inverted hierarchies. We fit the numbers in the energy bins by varying θ 23 , φ 13 and φ 14 while fixing the other parameters including sterile-active mixing angles and mass difference.
The number of ν e +ν e events and the number of ν µ +ν µ events in the bin of 0.4 + (i −
N e,i = ( replace (Φ νµ (E), Φ νµ (E)) in N e,i with ( Φ νµ (E), Φ νµ (E)) )
where Φ νµ (E) and Φν µ (E) ( Φ νµ (E) and Φν µ (E)) denote the neutrino and antineutrino fluxes per energy in a neutrino-focusing beam (in an antineutrino-focusing beam), respectively. P denotes a transition probability calculated by using Eq. (2) . N n and N p are the numbers of neutrons and protons in a water Cerenkov detector, respectively. σ denotes the cross sections for ν ℓ n → ℓ − p andν ℓ p → ℓ + n processes.
We perform a χ 2 fit of the numbers of events in the bins with neutrino-focusing and antineutrino-focusing beams measured at Kamioka/Korea/Oki, N e,i,site , N µ,i,site , N e,i,site and N µ,i,site (i = 1, 2, ..., 52; site=Kamioka, Korea, Oki), by only varying sin 2 θ 23 , φ 13 and φ 14 . We fit the normal hierarchy events by assuming the normal hierarchy, and the inverted hierarchy events by assuming the inverted hierarchy, as the true mass hierarchy is assumed to have been determined before. We neglect systematic uncertainties, and parametrical uncertainties of the other oscillation parameters. Eventually, the χ 2 function is given by 
Result
Before going to the main result, we show in Table 3 the total numbers of ν µ +ν µ events at the Kamioka, Oki and Korea detectors in T2HK, T2HKK and T2HK+Oki experiments when there were no oscillations, corresponding to the configurations of Table 2 and the assumption that J-PARC operates with 1.3 MW beam power. 42. This is again in accord with an observation in Ref. [16] .
• For the benchmark with sin 2 θ 23 = 0.58 (true value), when the mass hierarchy is normal and φ 13 = π/2 (true value), or when the mass hierarchy is inverted and φ 13 = 3π/2 (true value), we have gained ∆χ 2 > 9 in T2HK for all true values of φ 14 . This signals that in these cases, there is no serious obstacle in measuring θ 23 octant in T2HK.
• Except for the above-mentioned cases, we have observed loss of sensitivity to θ 23 octant in T2HK for certain combinations of true values of φ 13 , φ 14 . We have confirmed that this loss of sensitivity is mitigated in T2HKK even though statistics is substantially smaller (see Table 3 ). However, the amount of mitigation depends sharply on the true value of φ 13 , and for φ 13 = 3π/4 there is no significant improvement in the octant sensitivity for both mass hierarchies. T2HK+Oki shows the same tendency as T2HKK, but the improvement is milder in spite of its larger statistics than T2HKK (see Table 3 ). In Figs. 1,2,3 ,4, we display ∆χ 2 versus the true value of φ 14 , for representative true values of φ 13 and for the normal and inverted hierarchies. We only plot those ranges of φ 14 where the sensitivity of T2HK deteriorates as ∆χ 2 < 9; in the other ranges T2HK always gives ∆χ 2 > 9. . The mass hierarchy is normal, and the true value of the standard CP phase is φ 13 = 0, π/4, 3π/4 from upper-left to lower plot. (When φ 13 = π/2, T2HK exhibits a good sensitivity with ∆χ 2 > 9 for all values of φ 14 . This case is of no interest in the current study and thus we do not display the corresponding plot.) The horizontal axis measures the true value of a CP phase in sterile-active mixings φ 14 . The other oscillation parameters are in Table. 1. The black, red and blue lines correspond to T2HK, T2HKK and T2HK+Oki experiments, respectively, whose configurations are described in Table 2 . (The dots on the lines are sample points at which we numerically evaluate ∆χ 2 .) Fig. 1 , except that the mass hierarchy is inverted and the true value of the standard CP phase is φ 13 = π, 5π/4, 7π/4 from upper-left to lower plot. (When φ 13 = 3π/2, T2HK exhibits a good sensitivity with ∆χ 2 > 9 for all values of φ 14 . This case is of no interest in the current study and thus we do not display the corresponding plot.)
Normal Hierarchy
The reason that T2HK+Oki, in spite of its larger statistics, shows a smaller improvement of the octant sensitivity than T2HKK is understood as follows: As shown in Fig. 5 , under our assumption that the beam off-axis angle at Oki is 1.0
• , the flux at Oki has a (broad) peak around E ≃ 1.4 GeV. Thus, the value of L/E at the flux peak is 653 km/1.4 GeV for Oki, and it is 295 km/0.6 GeV for Kamioka. Since 653 km/1.4 GeV and 295 km/0.6 GeV are close values, a major portion of (anti)neutrinos oscillate in a similar manner at Oki and Kamioka, which spoils our attempt to resolve the degeneracy of Eq. (3) and Eqs. (4),(5) by combining different baselines. We note in passing that in the minimum of χ 2 with the wrong octant, the fitted value of φ 13 is close to its true value, but the fitted value of φ 14 is largely separated from its true value. So, loss of sensitivity to θ 23 octant does not affect the measurement of the standard CP phase, but has a serious impact on the measurement of CP phase of sterile-active mixings.
Summary
We have confirmed that in the presence of active-sterile mixings with non-zero θ 14 and θ 24 , T2HK experiment with two 187 kton detectors at Kamioka can lose sensitivity to θ 23 octant, depending on true values of CP phases. We have revealed that T2HKK exhibits a better sensitivity to θ 23 octant in those parameter regions where the experiment with two detectors at Kamioka loses its sensitivity, in spite of smaller statistics of T2HKK. However, it should be reminded that the amount of improvement in the octant sensitivity depends heavily on the standard CP phase φ 13 . The better sensitivity of T2HKK is because measurements of the same beam at Kamioka and Korea, which involve distinctively different baseline lengths, resolve the degeneracy between the atmospheric oscillation probability and the sum of the interferences with the solar oscillation amplitude and active-sterile oscillation amplitude. Our result suggests that if a hint of active-sterile mixings with θ 14 = 0 and θ 24 = 0 is discovered, T2HKK is a preferable option compared to the plan of placing the two detectors at Kamioka, for the determination of θ 23 octant. Additionally, we have studied an alternative case where one 187 kton detector is at Kamioka and a 100 kton detector is at Oki Islands. This case also shows a better sensitivity to θ 23 octant in those parameter regions where the plan of two 187 kton detectors loses its sensitivity, but the improvement is mild compared to T2HKK.
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Appendix A
In Fig. 5 , we show the flux of ν µ andν µ in neutrino-focusing and antineutrino-focusing beams emitted from J-PARC and detected at a water Cerenkov detector at Kamioka, Oki and in Korea if the neutrino oscillation were absent. The baseline length and beam off-axis angle of each detector are found in Table 2 . In the plots, the blue lines correspond to a neutrino-focusing beam and the red lines to an antineutrino-focusing beam. The solid lines indicate ν µ flux and the dashed linesν µ flux. Table 2 . The upper plot, the lower-left plot and the lower-right plot correspond to Kamioka, Oki and Korea, respectively. In the plots, the blue lines correspond to a neutrino-focusing beam and the red lines to an antineutrino-focusing beam. The solid lines indicate ν µ flux and the dashed linesν µ flux.
Appendix B
In Fig. 6 , we show the cross sections of charged current quasi-elastic scatterings ν ℓ n → ℓ − p and ν ℓ p → ℓ + n (ℓ = e, µ). The solid line corresponds to the cross section for ν ℓ , and the dashed line to that forν ℓ . Figure 6 : The cross sections of charged current quasi-elastic scatterings ν ℓ n → ℓ − p and ν ℓ p → ℓ + n (ℓ = e, µ). The solid line corresponds to the cross section for ν ℓ , and the dashed line to that forν ℓ .
